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A metric space is a set E together with a given distance on E. In the
general arguments of this chapter, whenever we introduce metric spaces
written E, E', E", we will in general write d, d', dn for the distances on E, E',
E".
2. EXAMPLES OF DISTANCES
 (3.2.1)	The function (x, y) ->• \x — y\ is a distance on the set of real numbers,
as follows at once from (2.2.10); the corresponding metric space is called the
real line. When R is considered as a metric space without mentioning explicitly
for what distance, it is always understood that the distance is the one just
defined.
 (3.2.2)	In  usual   three-dimensional   space   R3 = R x R x R,   the   usual
"euclidean distance" defined by
d(X, y) = (to - y,)2 + (x2 -y2)2 + (x3 - y,)2)1'2
for two elements x = (xi,x2,x3) and y = (yl9y2,J3) verifies axioms (I),
(II) and (III) in a trivial way; (IV) is verified by direct computation.
(3.2.3)	In the "real plane" R2 = R x R, let us define
d(x,y) = I*! ->>il + \x2 -y2\
for any two elements x = (xl9 x2) and y = (yl9 y2); axioms (I), (II), (III) are
again trivially verified, whilst (IV) follows from (2.2.10).
(3.2.4)	Let A be any set, E = ^(A) the set of bounded mappings of A into
R (see Section 2.3). Then, for any two functions/, g belonging to E,/— g also
belongs to E, and the number
d(f, g) = sup |/(0 - g(t)\
feA
is defined. The mapping (f,g)-*d(f,g) is a distance on E; for (I) and (III)
are trivial, and (IV) follows at once from (2.3.9) and (2.3.8); on the other
hand, if d(f, g) = 0, then/(r) — g(t)) = 0 for all t e A, which means/= g (see
Section 1.4), hence (II).
(3.2.5)	Let E be an arbitrary set, and let us define d(x9y) = 1 if x^ y,
d(xy x) = 0. Then (I), (II), (III) are verified; (IV) is immediate if two of the
three elements x, y, z are equal; if not, we have d(x, z) = 1, d(x9 y) + d(y, z) =
2, hence (IV) is satisfied in every case. The corresponding metric space
defined on E by that distance is called a discrete metric space.

